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GRADED IDENTITIES AND ISOMORPHISMS ON ALGEBRAS
OF UPPER BLOCK-TRIANGULAR MATRICES
ALEX RAMOS AND DIOGO DINIZ
Abstract. Let G be an abelian group and K an algebraically closed field
of characteristic zero. A. Valenti and M. Zaicev described the G-gradings on
upper block-triangular matrix algebras provided that G is finite. We prove that
their result holds for any abelian group G: any grading is isomorphic to the
tensor product A⊗B of an elementary grading A on an upper block-triangular
matrix algebra and a division grading B on a matrix algebra. We then consider
the question of whether graded identities A ⊗ B, where B is an algebra with
a division grading, determine A⊗ B up to graded isomorphism. In our main
result, Theorem 3, we reduce this question to the case of elementary gradings
on upper block-triangular matrix algebras which was previously studied by O.
M. Di Vincenzo and E. Spinelli.
1. Introduction
Algebras of upper block-triangular matrices are important examples of p.i.-
algebras. The verbal ideal of ordinary identities of an algebra upper block-triangular
matrices is the product of the ideals of identities of each block (see [8]). Minimal
varieties of finite basic rank were classified by A. Giambruno and M. Zaicev in
terms of such algebras. The general result for arbitrary minimal varieties is in
terms of of mimimal superalgebras, which may be realized as subalgebras of upper
block-triangular matrix algebras with a Z2-grading (see [7, Chapter 8]). In this
context it is of interest to classify the gradings by a group G on an algebra of
upper block-triangular matrices over a field K and to study its graded identities.
For a finite abelian group and an algebraically closed field of characteristic zero
the gradings were classified in [11]. In Section 3 we prove, as a corollary of the
result of A. Valenti and M. Zaicev, that given an algebra UT (d1, . . . , dm) of up-
per block-triangular matrices with a grading by an abelian group G there exist an
algebra UT (p1, . . . , pm) with an elementary grading and a matrix algebra Mt(K)
with a division grading such that UT (d1, . . . , dm) is isomorphic as a graded algebra
to UT (p1, . . . , pm)⊗Mt(K), here K is an algebraically closed field of characteristic
zero. It was conjectured in [12] that this holds for any groupG and any field K. This
conjecture was recently solved in [14] with a minor restriction on the characteristic
of the field.
In Section 4 we consider the following question: Let R = A⊗B and R′ = A′⊗B′,
where A and A′ are algebras of upper block-triangular matrices with elementary
gradings and B and B′ are algebras with division gradings. If R and R′ satisfy
the same graded identities then are R and R′ isomorphic as graded algebras? If
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A is a matrix algebra then R and R′ are graded simple algebras. The graded
Wedderburn-Artin theorem implies that any graded simple algebra that satisfies
the d.c.c. on graded left ideals is the tensor product of a matrix algebra with an
elementary grading and an algebra with a division grading. In [1], [9] it was proved
that graded simple algebras are determined up to isomorphism by their graded
identities. In [13] the authors consider algebras of upper block-triangular matrices
with elementary gradings, it is proved in this paper that the answer is positive
under suitable conditions. In our main result we reduce the previous question to
the case of elementary gradings. As a consequence of the results of Di Vincenzo
and Spinelli we conclude, for example, that the algebras R and R′ are isomorphic
as graded algebras if the number of blocks in A is 1 or 2.
The main results of Section 4 are that if IdG(R) = IdG(R
′) then supp B =
supp B′ and IdH(B) = IdH(B
′), where H = supp B (see Corollary 3 and Propo-
sition 3). Now we assume that H is a finitelly generated subgroup of G, since the
field is algebraically closed this implies that B is isomorphic to B′ as a graded
algebra. It was proved by D. S. Passmann in [10] that a twisted group algebra of a
solvable group over a field of characteristic zero is semisimple. We use this result
to conclude that if a graded division algebra satisfies an ordinary polynomial iden-
tity then it satisfies the same ordinary identities as a matrix algebra (see Corollary
4). As a consequence of this result we prove that if B and B′ satisfy an ordinary
polynomial identity then the coarsenings αR and αR′, induced by the canonical
quotient map α : G → G/H , satisfy the same identities as suitable algebras U
and U ′ (described in Theorem 3), respectively, of upper block-triangular matrices
with elementary gradings (see Lemma 6). In our main result, Theorem 3, we prove
that IdG/H(U) = IdG/H(U
′) and that if U and U ′ are isomorphic as G/H-graded
algebras then R and R′ are isomorphic as G-graded algebras.
2. Preliminaries
Let K be a field and let G be a group with identity element e. A grading by the
group G on a K-algebra A is a vector space decomposition A = ⊕g∈GAg such that
AgAh ⊆ Agh for every g, h ∈ G. An element a of A is homogeneous in the grading
if a ∈ Ag for some g ∈ G, if a 6= 0 we say that g is the degree of a in this grading
and denote it degG a. The subspace Ae is the neutral component of A, clearly it is
a subalgebra of A. The support of the grading is the set
supp A = {g ∈ G | Ag 6= 0}.
The grading on A is a division grading if A has a unit and every non-zero
homogeneous element is invertible. If K is an algebraically closed field then any
graded division algebra is isomorphic to a twisted group algebra KαG, where α is
a 2-cocycle (see [6, Theorem 2.13]). The map βα : G×G→ K
× given by
βα(g, h) =
α(g, h)
α(h, g)
is an alternating bicharacter. If G is a finitely generated abelian group it is easy
to verify that two twisted group algebras KαG and Kα
′
G with the same associated
bicharacter are isomorphic. Moreover, it is clear that two graded division algebras
with the same graded identities have the same associated bicharacter. This proves
the following remark.
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Remark 1. Let G be a finitely generated abelian group and let K be an alge-
braically closed field. If D1 and D2 be two K-algebras with division G-gradings and
IdG(D1) = IdG(D2) then D1 is isomorphic to D2 as a graded algebra.
Given a homomorphism α : G → H of groups and a G-grading A = ⊕g∈GAg
on the algebra A it follows that the decomposition A = ⊕h∈HAh, where Ah =
⊕g∈α−1(h)Ag, is an H-grading on A. We refer to this as the grading induced by α
and denote it αA
Let A and B be algebras graded by the group G. A map f : A → B is a
homomorphism of graded algebras if it is a homomorphism of algebras such that
f(Ag) ⊆ Bg for every g ∈ G. If f is also bijective then we say it is an isomorphism
of graded algebras.
Given an m-tuple of positive integers (d1, . . . , dm) we denote UT (d1, . . . , dm) the
subalgebra of Mn(K), where n = d1 + · · ·+ dm, of the matrices of the form


A11 · · · A1m
...
. . .
...
0 · · · Amm

 ,
where Aij is a block of size di × dj . We refer to UT (d1, . . . , dm) as an algebra of
upper block-triangular matrices. A grading by a group G on A = UT (d1, . . . , dm)
is elementary if every elementary matrix in A is homogeneous in the grading. In
this case there exist an n-tuple (g1, . . . , gn) ∈ G
n such that the elementary matrix
eij ∈ A is homogeneous of degree gig
−1
j . Moreover if B is any G-graded algebra
then A ⊗ B has a G-grading such that (A ⊗ B)g is the subspace spanned by the
elements eij ⊗ b such that b is a homogeneous element in B and gi(degG b)g
−1
j = g.
The free G-graded algebra is the free algebra K〈XG〉, freely generated by the
set XG which is the disjoint union of the sets Xg = {x
g
1, x
g
2, · · · }, g ∈ G, with the
grading in which the variables in Xg are homogeneous of degree g. In order to
simplify the notation we may omit the neutral element e in the notation, thus we
denote by X the set Xe and by xi the indeterminate x
e
i in X . Let f(x
g1
1 , . . . , x
gn
n )
be a polynomial in K〈XG〉 and A = ⊕g∈GAg be a G-graded algebra. An admissible
substitution for f is an n-tuple (a1, . . . , an) of elements of A such that ai ∈ Agi for
i = 1, . . . , n. We say that f is a graded polynomial identity forA if f(a1, . . . , an) = 0
whenever (a1, . . . , an) is an admissible substitution for f . Note that f ∈ K〈XG〉 is
a graded polynomial identity for A if and only if f lies in the kernel of every graded
homomorphism K〈XG〉 → A. The set of graded polynomial identities for A is
denoted IdG(A). This is an ideal of K〈XG〉 invariant for graded endomorphisms of
K〈XG〉. The subalgebra K〈X〉 of K〈XG〉 is the ordinary free algebra. A polynomial
f(x1, . . . , xn) ∈ K〈X〉 is a polynomial identity for an algebra B if f(b1, . . . , bn) = 0
for every b1, . . . , bn ∈ B. We denote Id(B) the ideal of identities of B.
3. Gradings on Upper Block-Triangular Matrix Algebras
In this section we present the classification of the group gradings on upper block-
triangular matrix algebras up to isomorphism. The base field is algebraically closed
of characteristic zero and the group is abelian. The main result of [11] is the
following theorem.
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Theorem 1. [11, Theorem 3.2] Let G be a finite abelian group and UT (d1, . . . , dm)
an upper block-triangular matrix algebra over an algebraically closed field K of char-
acteristic zero. Then there exist a decomposition d1 = p1t, . . . , dm = pmt, a sub-
group H ⊂ G, and an n-tuple (g1, . . . , gn) ∈ G
n , where n = p1 + · · · + pm, such
that UT (d1, . . . , dm) is isomorphic to UT (p1, · · · , pm)⊗Mt(K) as a G-graded alge-
bra where Mt(K) is an H-graded algebra with a “fine” grading with support H and
UT (p1, · · · , pm) has an elementary grading defined by (g1, . . . , gn).
We prove, as a corollary, that the above theorem holds for arbitrary abelian
groups.
Lemma 1. Let ϕ : G → H be a homomorphism of groups and let S be a subset
of G such that the restriction of ϕ to S ∪ (S · S) is injective. Let A be a G-
graded algebra such that (supp A) ⊆ S and let B be an H-graded algebra such that
(supp B) ⊆ ϕ(S).
(i) If Bs = Bϕ(s) for any s ∈ S and Bg = 0 for any g ∈ G\S then B = ⊕g∈GBg
is a G-grading on B. A subspace of B is homogeneous in this G-grading if
and only if it is homogeneous in the H-grading.
(ii) An isomorphism of algebras f : A → B is an isomorphism of G-graded
algebras from A to B with this G-grading if and only if f is an isomorphism
of H-graded algebras form ϕA to B with its H-grading.
Proof. If g ∈ G \S or h ∈ G \S then BgBh = 0 ⊆ Bgh. It remains to prove that
BsBt ⊆ Bst for every s, t ∈ S. In this case Bs = Bϕ(s) and Bt = Bϕ(t), therefore
(1) BsBt = Bϕ(s)Bϕ(s) ⊆ Bϕ(st).
If Bϕ(st) = 0 then BsBt = 0 and therefore BsBt ⊆ Bst. Now we assume that
Bϕ(st) 6= 0. In this case ϕ(st) ∈ supp B ⊆ ϕ(S). Therefore there exists an s
′ ∈ S
such that ϕ(st) = ϕ(s′). Since the restriction ϕ to S∪(S ·S) is injective we conclude
that st = s′. Hence
Bϕ(st) = Bϕ(s′) = Bs′ = Bst.
Then it follows from (1) that BsBt ⊆ Bst. An element of b ∈ B is homogeneous in
the G-grading if and only if b is homogeneous in the H-grading, this implies that a
subspace V is homogeneous in the G-grading of B if and only if it is homogeneous
in the H-grading. This proves [(i)]. Note that if b is a homogeneous element of B
we have degH b = ϕ(degG b). Since (supp A) ⊆ S and the restriction of ϕ to S
is injective we conclude that an element a ∈ A is homogeneous in the G-grading if
and only if a is homogeneous in the H-grading ϕA and that degH a = ϕ(degG a).
This implies [(ii)]. 
Next we prove that the above theorem holds for arbitrary abelian groups. We
remark that in [14] it was proved that this result holds in general provided that
the base field K is of characteristic zero or that char K is strictly greater than
dim UT (d1, . . . , dm).
Corollary 1. The previous theorem holds for abelian groups.
Proof. Let G be an abelian group and K an algebraically closed field of character-
istic zero. Let A = UT (d1, . . . , dm) be an upper block triangular matrix algebra over
K with a G-grading. We assume without loss of generality that G is generated by
S = supp A. Since A has finite dimension the support S is finite, therefore G is iso-
morphic to a direct product of cyclic groups Zp×Zn1×· · ·×Znq , where p, q ≥ 0 and
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n1, . . . , nq > 0 are integers. Hence we may assume without loss of generality that
G = Zp×Zn1 ×· · ·×Znq . Given an integer m > 0 let H = (Zm)
p×Zn1×· · ·×Znq .
Denote ϕ : G→ H the homomorphism given by
ϕ(z1, . . . , zp, w1, . . . , wq) = (z1, . . . , zp, w1, . . . , wq),
where z1, . . . , zp ∈ Z, wi ∈ Zni , for i = 1, . . . , q and z 7→ z is the canonical
homomorphism Z → Zm. Given any finite subset T of G we may choose m large
enough so that the restriction of ϕ to T is injective. Since the support S is finite
this implies that we may choose m large enough so that the restriction of ϕ to
T = S ∪ (S · S) is an injective map. Let ϕA be the H-grading induced by ϕ.
Theorem 1 implies that the coarsening ϕA is isomorphic as an H-graded algebra, to
B = UT (p1, · · · , pm) ⊗Mt(K), where UT (p1, · · · , pm) has an elementary grading
and Mt(K) has a fine grading. Denote B = ⊕h∈HBh the H-grading on B. Let
Bs = Bϕ(s) for any s ∈ S and Bg = 0 for any g ∈ G \ S. Lemma 1 implies
that B = ⊕g∈GBg is a G-grading on B. Moreover any isomorphism of H-graded
algebras from ϕA to B is also an isomorphism of G-graded algebras from A to B
with this G-grading, hence A with its G-grading is isomorphic as a graded algebra
to B with this G-grading. A subspace of B is homogeneous in this G-grading if and
only if it is homogeneous in the H-grading, therefore we obtain a fine G-grading
on Mt(K) and an elementary G-grading on UT (p1, . . . , pm) such that B with the
G-grading is UT (p1, . . . , pm)⊗Mt(K) with the canonical G-grading on the tensor
product. 
In [4] the isomorphism classes of upper block-triangular matrix algebras graded
by an abelian group were described.
Corollary 2. [4, Corollary 4] Let G be an abelian group and let K be an arbitrary
field. Let R and R′ denote the algebras UT (p1, . . . , pm)⊗KB and UT (p
′
1, . . . , p
′
m)⊗K
B′ respectively, where B, B′ are graded division algebras and UT (p1, . . . , pm),
UT (p′1, . . . , p
′
m) have elementary gradings defined by the tuples g, g
′ of elements
of G, respectively. The algebras R and R′ are isomorphic if and only if B ∼= B′,
(p1, . . . , pm) = (p
′
1, . . . , p
′
m) and there exist a g ∈ G, h1, . . . , hn ∈ supp B and
σ ∈ Sp1 × · · · × Spm such that g
′
i = gσ(i)hσ(i)g for i = 1, . . . , n.
We remark that in [4] the previous corollary was sated for B = Mt(K) and
B′ =Mt′(K), this however is not used in the proof.
Let R = A ⊗ B, where A = UT (d1, . . . , dm) is an upper block-triangular ma-
trix algebra with an elementary grading and B is a graded division algebra with
support H . Let g = (g1, . . . , gn) be a tuple of elements of G that determines
the elementary grading in A. Now let g′1, . . . , g
′
n representatives of the cosets
g1H, . . . , gnH , respectively, such that, giH = g
′
iH for i = 1, . . . , n and g
′
i = g
′
j
whenever g′iH = g
′
jH . Let A
′ denote the algebra UT (d1, . . . , dm) with the elemen-
tary grading induced by g′ = (g′1, . . . , g
′
n). It follows from Corollary 2 that the
algebras R and R′ = A′ ⊗ B are isomorphic. Since (g′i)
−1g′j ∈ H if and only if
g′i = g
′
j we conclude that R
′
e = A
′
e ⊗ 1
∼= A′e.
Remark 2. Let R = A⊗B, where A = UT (d1, . . . , dm) is an upper block-triangular
matrix algebra with an elementary grading and B is a graded division algebra. The
algebra UT (d1, . . . , dm) may be equipped with an elementary grading A
′ such that
R is isomorphic to R′, where R′ = A′ ⊗B and R′e = A
′
e ⊗ 1.
6 ALEX RAMOS AND DIOGO DINIZ
4. Graded Identities for Algebras of Upper Block-Triangular
Matrices
In this section we present the main results of the paper. Next we define the
Capelli polynomials, these polynomials will play an important role in this section.
Definition 1. The Capelli polynomial of rank t is the polynomial
Capt(x1, . . . , xt, y1, . . . , yt+1) =
∑
σ∈St
(sgn σ)y1xσ(1)y2xσ(2) · · · ytxσ(t)yt+1,
in K〈X〉.
Lemma 2. [7, Lemma 9.1.4] If d = d21+· · · d
2
m, the algebra UT (d1, . . . , dm) satisfies
the Capelli identity Capd+m ≡ 0 but does not satisfy Capd+m−1 ≡ 0.
Remark 3. As noted in [13, Lemma 3.2] it follows from the proof of Lemma 9.1.4
in [7] that the result of any substitution in Capd+m−1 lies in J(A)
m−1, where A =
UT (d1, . . . , dm) and J(A) denotes the Jacobson radical of A.
Proposition 1. Let A = UT (d1, . . . , dm) denote an upper-block triangular matrix
algebra with an elementary grading induced by g = (g1, . . . , gn), where n = d1 +
· · ·+ dm. Let r denote the number of distinct elements that appear in g. Then the
neutral component Ae is a direct sum of r ideals, each isomorphic to an upper-block
triangular matrix algebra of length ≤ m.
Proof. Let I1 = {1, . . . , d1} and
It = {d1 + · · ·+ dt−1 + 1, . . . , d1 + · · ·+ dt−1 + dt},
for t = 2, . . . ,m. The sets I1, . . . , Im form a partition of N = {1, . . . , n}. A basis for
A consists of the matrix units eij where i ∈ Is, j ∈ It and s ≤ t. Denote h1, . . . , hr
the elements of G that appear in the n-tuple g, moreover let Jk = {i ∈ N | gi = hk}.
It is clear that a basis for Ae consists of the matrix units eij in the basis for A such
that i, j ∈ Jk for some k. Therefore
Ae = B1 ⊕ · · · ⊕Br,
where Bk is the subspace of Ae generated by the matrix units eij in the basis for
A such that i, j ∈ Jk. It is easy to verify that Bk is an ideal in Ae. A basis for Bk
is the set of matrix units eij where i ∈ Is ∩ Jk, j ∈ It ∩ Jk and s ≤ t, therefore Bk
is isomorphic an algebra of upper block-triangular matrices of length ≤ m. 
The following remarks will be used in the proof of Lemma 3.
Remark 4. Let a1, . . . , at, v1, . . . , vt−1 be matrix units in a matrix algebra and
assume that v1, . . . , vt−1 are pairwise distinct. If
a1v1 · · · at−1vt−1at 6= 0
then for every permutation τ ∈ St−1 different from Id we have
a1vτ(1) · · · at−1vτ(t−1)at = 0.
Lemma 3. Let A be an upper-block triangular matrix algebra with an elementary
G-grading. Let t be the natural number such that Capt−1 is not an identity for Ae
and Capt is an identity for Ae. Then Capt−1x
g
t /∈ IdG(A) and
Capt(x1, . . . , xt−1, x
g
t , y1, . . . , yt+1) ∈ IdG(A)
if and only if g = e.
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Proof. It is clear, from the choice of t, that if g = e then Capt is an identity for A
and Capt−1x
g
t /∈ IdG(A). To prove the converse we assume that Capt−1x
g
t is not an
identity for A and that g 6= e and prove that Capt(x1, . . . , xt−1, x
g
t , y1, . . . , yt+1) is
not an identity for A. Let Ae = B1⊕ · · · ⊕Br be the decomposition in Proposition
1. Let a1, . . . , at−1, at, v1, . . . , vt−1, vt be an admissible substitution by matrix units
such that
Capt−1(v1, . . . , vt−1, a1, . . . , at)vt 6= 0.
This implies that elements v1, . . . , vt−1 are pairwise distinct, moreover there exists
i such that v1, . . . , vt−1, a1, . . . , at ∈ Bi. We may reorder the elements v1, . . . , vt−1,
if necessary, and assume that
c := a1v1 · · ·at−1vt−1atvt 6= 0.
Clearly there exists at+1 ∈ Ae such that cat+1 6= 0. Since degG(vt) 6= e and
degG(vi) = e, for i = 1, . . . , t − 1, we conclude that the elements v1, . . . , vt are
pairwise distinct. Remark 4 implies that
(2) a1vσ(1)a2 · · · at−1vσ(t)at+1 = 0
whenever σ 6= 1. Therefore we conclude that Capt(v1, . . . , vt, a1, . . . , at+1) 6= 0. 
Corollary 3. Let R = A⊗B, where A is an upper block-triangular matrix algebra
with an elementary grading and B is a graded division algebra. Let t be the natural
number such that Capt−1 is not an identity for Re and Capt is an identity for Re.
The element g lies in supp B if and only if Capt−1x
g
t /∈ IdG(R) and the polynomial
Capt(x1, . . . , xt−1, x
g
t , y1, . . . , yt+1) lies in IdG(R).
Proof. Remark 2 implies that we may assume without loss of generality that
Re = Ae ⊗ 1.
(⇒)
Let g be an element of supp B. Since Capt−1 is not an identity for Re exist
c1, . . . , ct−1, d1, . . . , dt ∈ Ae such that
Capt−1(c1, . . . , ct−1, d1, . . . , dt) 6= 0.
Let b be a non-zero element in Bg. We have(
Capt−1(c1 ⊗ 1, . . . , ct−1 ⊗ 1, d1 ⊗ 1, . . . , dt ⊗ 1)
)
(1⊗ b) 6= 0.
Hence Capt−1x
g
t /∈ IdG(R). Since 1 ⊗ b is a homogeneous invertible element of
degree g in R and Re = Ae ⊗ 1 we conclude that Rg = {a ⊗ b | a ∈ Ae}.
Therefore given a homomorphism of graded algebras ϕ : F 〈XG〉 → R there ex-
ist v1, . . . , vt−1, vt, w1, . . . , wt+1 ∈ Ae such that ϕ(xi) = vi ⊗ 1, i = 1, . . . , t − 1,
ϕ(xgt ) = vt ⊗ b and ϕ(yj) = wj ⊗ 1, j = 1, . . . , t+ 1. Hence
ϕ (Capt(x1, . . . , xt−1, x
g
t , y1, . . . , yt+1)) =
Capt(v1, . . . , vt−1, vt, w1, . . . , wt+1)⊗ b = 0.
Therefore Capt(x1, . . . , xt−1, x
g
t , y1, . . . , yt+1) lies in IdG(R).
(⇐)
Since Capt−1x
g
t /∈ IdG(R) there exists a homomorphism of graded algebras ϕ :
F 〈XG〉 → R such that ϕ(Capt−1x
g
t ) 6= 0. We write ϕ(x
g
t ) =
∑n
i=1 ai ⊗ bi, where
ai ∈ A and bi ∈ B are homogeneous elements and
(3) (degGai) · (degGbi) = g,
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for i = 1, . . . , n. Since Re = Ae ⊗ 1 there exist c1, . . . , ct−1, d1, . . . , dt ∈ Ae such
that
ϕ(Capt−1) = Capt−1(c1, . . . , ct−1, d1, . . . , dt)⊗ 1.
Note that ϕ(Capt−1) · (aj ⊗ bj) 6= 0 for some j. This implies that
Capt−1(c1, . . . , ct−1, d1, . . . , dt) · aj 6= 0,
hence the polynomial Capt−1x
g1
t , where g1 = (degG aj), is not a graded identity
for A. Given v1, . . . , vt−1, w1, . . . , wt+1 ∈ Ae and vt ∈ Ag1 we have
0 = Capt(v1 ⊗ 1, . . . , vt−1 ⊗ 1, vt ⊗ bj , w1 ⊗ 1, . . . , wt+1 ⊗ 1)
= Capt(v1, . . . , vt−1, vt, w1, . . . , wt+1)⊗ bj .
The element bj is a non-zero homogeneous element in B, hence it is invertible. This
implies that Capt(v1, . . . , vt−1, vt, w1, . . . , wt+1) = 0. Therefore the polynomial
Capt(x1, . . . , xt−1, x
g1
t , y1, . . . , yt+1) is a graded identity for A. The previous lemma
implies that g1 = e, therefore it follows from (3) that g = (degGbi) ∈ supp B. 
Lemma 4. Let A = UT (d1, . . . , dm) be an upper block-triangular matrix algebra
and t = d21 + · · · d
2
m +m. Let f be a polynomial such that fCapt−1 is a multilinear
polynomial. If the result of a substitution is a non-zero element in A then the
variables in f are replaced by elements in the first block of A.
Proof. Since fCapt−1 is a multilinear polynomial we only need to consider sub-
stitutions of the variables by matrix units. Let ϕ : F 〈X〉 → A be a homomorphism
such that ϕ(x) is a matrix unit for every x ∈ X and ϕ(fCapt−1) 6= 0. Remark 3
implies that ϕ(Capt−1) ∈ J(A)
m−1. Therefore ϕ(Capt−1) = ers with 1 ≤ r ≤ d1.
Since J(A)m = 0, if any variable in f is replaced by an element in J(A) we have
ϕ(f) ∈ J(A). Therefore ϕ(fCapt−1) lies in J(A)
m = 0, a contradiction. Hence
the variables in f are replaced by elements in the diagonal blocks of A. If vari-
ables are replaced by elements in distinct blocks then ϕ(f) = 0. Thus the variables
in f are replaced by elements in a single diagonal block. Hence ϕ(f) = etu with
d1 + · · ·+ di−1 + 1 ≤ t, u ≤ d1 + · · ·+ di. We have
0 6= ϕ(fCapt−1) = etuers,
hence u = r. Therefore we conclude that i = 1. 
Proposition 2. Let U = U1⊕· · ·⊕Ur, where U1, . . . , Ur are ideals of U isomorphic
to algebras of upper block-triangular matrices. Denote t the least integer such that
Capt ∈ Id(U). There exists a polynomial f in K〈X〉 such that:
(i) fCapt−1 is a multilinear polynomial;
(ii) fCapt−1 is not an identity for U ;
(iii) If ϕ : K〈X〉 → U is a homomorphism and ϕ(fCapt−1) 6= 0 then ϕ(f) is in
the center of U .
Proof. Wemay assume without loss of generality that have Ui = UT (d
(i)
1 , . . . , d
(i)
mi),
i = 1, . . . , r. Denote ti = (d
(i)
1 )
2+ · · ·+(d
(i)
mi)
2+mi. Note that t = max {t1, . . . , tr}.
Denote k = max {d
(j1)
1 , . . . , d
(js)
1 }, where {j1, . . . , js} = {j | tj = t}. Let f be a
central polynomial for Mk(K) such that fCapt−1 is a multilinear polynomial. It is
clear that is not an identity for U . We claim that (iii) holds. Let ϕ : F 〈X〉 → U be
a homomorphism such that ϕ(fCapt−1) 6= 0. Note that ϕ(fCapt−1) is the result
of the substitution x 7→ ϕ(x) in fCapt−1. Since ϕ(fCapt−1) 6= 0 there exists an i
such that each indeterminate in fCapt−1 is replaced by an element in Ui. Lemma
GRADED IDENTITIES AND ISOMORPHISMS ON ALGEBRAS OF UPPER BLOCK-TRIANGULAR MATRICES9
4 implies that the variables in f are replaced by elements in the first block of Ui.
Recall that f is an identity for Ml(K) if k > l (see [5, pg. 150, Lemma 3.5]). Since
ϕ(Capt−1) 6= 0 we conclude that ti = t. Therefore the choice of k implies that
d
(i)
1 = k. Hence ϕ(f) is a central element. 
Definition 2. Let A be an upper block-triangular matrix algebra with an elementary
grading and let t be the least integer such that Capt ∈ Id(Ae). We say a multilinear
polynomial f is A-good if the polynomial fCapt−1 is multilinear, fCapt−1 is not a
polynomial identity for Ae and for every homomorphism ϕ : K〈X〉 → Ae such that
ϕ(fCapt−1) 6= 0 the element ϕ(f) is in the center of Ae.
Remark 5. Proposition 1 and Proposition 2 imply that for any upper block-triangular
matrix algebra A with an elementary grading there exists an A-good polynomial.
Proposition 3. Let R = A ⊗ B, where A is an upper block-triangular matrix
algebra with an elementary grading and B is a graded division algebra. Let t the
least integer such that Capt ∈ Id(Ae) and let f be an A-good polynomial. Let
S1 = {y
h1
1 , y
e
2, . . . , y
e
m}, . . . , Su = {z
hu
1 , z
e
2, . . . , z
e
m} be u pairwise disjoint sets of
variables and let
fh1 = f(yh11 , y
e
2, . . . , y
e
m), . . . , f
hu = f(zhu1 , z
e
2, . . . , z
e
m).
A multilinear polynomial g(xh11 , . . . , x
hu
u ) ∈ F 〈XH〉, where H = supp B, is a graded
identity for B if and only if the multilinear polynomial g(fh1 , . . . , fhu)Capt−1 is a
graded identity for R = A⊗B.
Proof.
As a consequence of Remark 2 we may assume without loss of generality that
Re = Ae ⊗ 1.
(⇒)
For each h ∈ H we fix a non-zero element bh ∈ Bh. Since Rh = Re(1 ⊗ bh) any
element a in Rh is of the form ae ⊗ bh, where ae ∈ Ae. Let ϕ : F 〈XG〉 → R
be a homomorphism of graded algebras. Note that for each l there exists an
fl ∈ f(Ae, . . . , Ae) such that ϕ(f
hl) = fl ⊗ bhl . Moreover ϕ(Capt−1) = d ⊗ 1
for some d ∈ Capt−1(Ae, . . . , Ae). The polynomial f is an A-good polynomial,
therefore either fl is a central element in Ae or fld = 0. Hence we conclude that
ϕ(g(fh1 , . . . , fhu)Capt−1) = 0 if fld = 0 for some l. It remains to consider the case
where f1, . . . , fu are central elements of Ae. In this case ϕ(g(f
h1 , . . . , fhu)) =
f1 · · · fu ⊗ g(bh1 , · · · , bhu) = 0, because g(x
h1
1 , . . . , x
hu
u ) ∈ IdH(B). Therefore
g(fh1, . . . , fhu)Capt−1 is a graded identity for R = A⊗B.
(⇐)
For each h ∈ H we choose an element bh in Bh. There exists a substitution
xi 7→ ai ∈ Ae in fCapt−1 that results in a non-zero element in Ae. Denote a
the result of this substitution in Capt−1. Then ca 6= 0, where c = f(a1, . . . , am).
We now obtain substitutions in each fhi that result in the element c ⊗ bhi , for
i = 1, . . . , u. Hence we obtain a substitution in g(fh1 , . . . , fhu)Capt−1 that results
in
g(c⊗ bh1 , · · · , c⊗ bhu)(a⊗ 1) = c
ua⊗ g(bh1 , · · · , bhu).
Since f is an A-good polynomial the element c lies in Z(Ae). Therefore c a diagonal
matrix, hence from ca 6= 0 we conclude that cua 6= 0. Therefore g(bh1 , · · · , bhu) = 0.
Since the elements bh1 , . . . , bhu are arbitrary we conclude that g(x
h1
1 , . . . , x
hu
u ) is a
graded identity for R. 
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Lemma 5. Let K be a field of characteristic zero and let A = ⊕g∈GAg be a K-
algebra with a G-grading. If the algebras B and B′ satisfy the same ordinary iden-
tities then A⊗B and A⊗B′ satisfy the same graded identities.
Proof. Let F = K〈X〉/Id(B), we prove first that IdG(A⊗B) = IdG(A⊗F ). Let
f(xg11 , · · · , x
gn
n ) be a multilinear graded identity for A⊗F and let a1⊗b1, . . . , an⊗bn
be elements of A⊗B such that ai ⊗ bi ∈ (A⊗B)gi , i = 1, . . . , n. Let ϕ : A⊗ F →
A ⊗ B be a graded homomorphism such that ϕ(ai ⊗ xi) = ai ⊗ bi. We have
f(a1 ⊗ x1, . . . , an ⊗ xn) = 0, therefore
0 = ϕ(f(a1 ⊗ x1, . . . , an ⊗ xn)) = f(a1 ⊗ b1, . . . , an ⊗ bn).
Hence we conclude that f is a graded identity for A ⊗ B. Since char K = 0 this
implies that IdG(A ⊗ F ) ⊆ IdG(A ⊗ B). Now let f(x
g1
1 , · · · , x
gn
n ) be a multilinear
graded identity for A⊗B and let ϕ : K〈XG〉 → A⊗F be a graded homomorphism.
We write
ϕ(f) = a1 ⊗ f1 + · · ·+ am ⊗ fm,
where a1, . . . , am are linearly independent elements of A. If fi 6= 0 for some i then
there exists a homomorphism ψ0 : F → B such that ψ0(fi) 6= 0. Then ψ = IdA⊗ψ0
is a graded homomorphism from A⊗ F to A⊗B and
ψ ◦ ϕ(f) = a1 ⊗ ψ0(f1) + · · ·+ am ⊗ ψ0(fm) 6= 0,
this is a contradiction because ψ ◦ϕ : K〈XG〉 → A⊗B is a graded homomorphism
and f is a graded polynomial identity for A⊗B. Therefore f1 = f2 = · · · = fm = 0.
Hence f is a graded identity for A⊗F . This proves that IdG(A⊗B) ⊆ IdG(A⊗F ).
Therefore IdG(A⊗B) = IdG(A⊗F ). Clearly we also have IdG(A⊗B
′) = IdG(A⊗
F ). 
Lemma 6. Let R = A⊗B, where A = UT (d1, . . . , dm) has the elementary grading
induced by the n-tuple (g1, . . . , gn) ∈ G
n and B is an algebra that satisfies the same
ordinary identities as Mt(K) and has a G-grading with support the subgroup H of
G. Let α : G → G/H denote the canonical epimorphism. The coarsening αR
satisfies the same G/H-graded identities as the algebra UT (d1t, . . . , dmt) with the
elementary grading induced by (g1H, g1H, . . . , gnH, gnH), where each lateral class
is repeated t times.
Proof. Note that αR = (αA)⊗B, where B has the trivial G/H-grading. Lemma
5 implies that αR satisfies the same graded identities as (αA) ⊗Mt(K). Let ϕ :
Mn(K) ⊗ Mt(K) → Mnt(K) denote the canonical isomorphism: if we write the
matrices in Mnt(K) as n
2 blocks of size t × t then given a = (aij) ∈ Mn(K)
and b ∈ Mt(K) the (i, j)-th block of the matrix ϕ(a ⊗ b) is aijb. We consider
A = UT (d1, . . . , dm) as an ungraded subalgebra ofMn(K), where n = d1+ · · ·+dm.
The restriction of ϕ to A⊗Mt(K) is an isomorphism (of ungraded algebras) onto the
subalgebra UT (d1t, . . . , dmt) of Mnt(K). If UT (d1t, . . . , dmt) has the elementary
grading induced by (g1H, g1H, . . . , gnH), where each lateral class is repeated t
times, then this restriction is an isomorphism of graded algebras from (αA)⊗Mt(K)
to UT (d1t, . . . , dmt). 
The next two results will be used in the proof of Theorem 3.
Proposition 4. [3, Proposition 1] Let A and B be two algebras G-graded algebras
and α : G→ H a homomorphism of groups. If IdG(A) = IdG(B) then IdH(
αA) =
IdH(
αB).
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In order to proceed to our main result we need to describe the ordinary identities
of graded division algebras.
Theorem 2. [13, Theorem 3] Let G be a solvable group and suppose that either K
has characteristic 0 or K has characteristic p > 0 and G has no elements of order
p. Then KαG is semisimple.
A semisimple algebra is the subdirect product of primitive algebras. It follows
from Kaplansky’s Theorem that it satisfies the same identities of a matrix algebra
Mt(K), for some t (see, for example, the remarks after Theorem 3.2 in [2]). This
discussion proves the following corollary.
Corollary 4. Let G be an abelian group and K an algebraically closed field of
characteristic zero. If D is a graded division algebra that satisfies an ordinary
polynomial identity then there exists a natural number t such that D satisfies the
same ordinary identities as Mt(K).
We recall that the p.i. degree of a p.i. algebra D is the largest integer d such
that the multinear identities of B follow from the multilinear identities of Md(K)
(see [5, pg. 90, Definition 7.1.8]). Therefore the natural number t in the previous
corollary is the p.i. degree of D.
Theorem 3. Let G be an abelian group. Denote A = UT (d1, . . . , dm) and A
′ =
UT (d′1, . . . , d
′
m) upper block-triangular matrix algebras with elementary gradings in-
duced by the tuples g = (g1, . . . , gn) and g
′ = (g′1, . . . , g
′
n), respectively. Let K be
a finitely generated subgroup of G and let B and B′ be K-graded division algebras
that satisfy an ordinary polynomial identity and let R = A ⊗ B, R′ = A′ ⊗ B′.
If IdG(R) = IdG(R
′) then supp B = supp B′ and B ∼= B′. If B and B′ have
p.i. degree t then IdG/H(
αR) = IdG/H(U) = IdG/H(U
′) = IdG/H(
αR′), where
α : G → G/H is the canonical epimorphism, and U , U ′ denote the elementary
gradings induced by (g1H, g1H, . . . , gnH, gnH) and (g
′
1H, g
′
1H, . . . , g
′
nH, g
′
nH), re-
spectively, on the algebra UT (d1t, . . . , dmt), where each lateral class is repeated t
times. Moreover, if U ∼= U ′ then R ∼= R′.
Proof. Corollary 3 and Proposition 3 imply that supp B = supp B′ and
IdH(B) = IdH(B
′), therefore Remark 1 implies that B ∼= B′. Corollary 4 and
Lemma 6 imply that αR, αR′ satisfy the same G/H-graded identities as U and U ′
respectively. The equality IdG/H(
αR) = IdG/H(
αR′) follows from Proposition 4.
Therefore IdG/H(
αR) = IdG/H(U) = IdG/H(U
′) = IdG/H(
αR′). Now we assume
that U and U ′ are isomorphic as G/H-graded algebras. Corollary 2 imply that
there exist a gH ∈ G/H , σ ∈ Std1 × · · ·×Stdm such that g
′
iH = gσ(i)H(gH) for i =
1, . . . , tn. Therefore there exists τ ∈ Sd1 × · · · × Sdm such that g
′
iH = gτ(i)H(gH),
for i = 1, . . . , n. Clearly this implies that that there exists h1, . . . , hn ∈ H such that
g′i = gτ(i)hτ(i)g, for i = 1, . . . , n. Hence it follows from Corollary 2 that R
∼= R′. 
In [13] the authors provide sufficient conditions to ensure that the algebras U and
U ′ in the previous theorem are isomorphic as graded algebras. To state their result
we need the notion of invariance subgroup of an elementary grading introduced in
that paper.
Definition 3. Let A denote the matrix algebra Mn(K) with the elementary grading
induced by (g1, . . . , gn). The map ωA : G→ N associates to each g ∈ G the number
of indices i such that gi = g. The invariance subgroup of this elementary grading is
HA = {h ∈ G | ωA(hg) = ωA(g), ∀g ∈ G}.
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Proposition 5. [13, Corollary 3.4] Let G be an abelian group and let A and B be
upper block-triangular matrix algebras endowed with an elementary G-grading such
that A has either at most two block components or finitely many block components
but at least one of them, let us say Ad, with invariance subgroup H
(d)
A = 〈1G〉. Then
A and B are isomorphic as G-graded algebras if, and only if, IdG(A) = IdG(B).
The previous proposition and Theorem 3 imply the following result.
Corollary 5. Let G be an abelian group. Denote A = UT (d1, . . . , dm) and A
′ =
UT (d′1, . . . , d
′
m) upper block-triangular matrix algebras with elementary gradings in-
duced by the tuples g ∈ Gn and g′, respectively. Let K be a finitely generated sub-
group of G, let B and B′ be G-graded division algebras that satisfy an ordinary p.i.
and have the same p.i. degree. Let R = A ⊗ B, R′ = A′ ⊗ B′. The algebra A
has either at most two block components or finitely many block components but at
least one of them has trivial invariance subgroup for αA, where α : G → G/H is
the canonical epimorphism. Then R and R′ are isomorphic as G-graded algebras
if, and only if, IdG(R) = IdG(R
′).
Proof. Let U and U ′ be the elementary graded algebras in the previous theo-
rem. The invariance subgroup of the i-th block of αA coincides with the invariance
subgroup of the i-th block U . The number of blocks in αA also coincide with the
number of blocks in U . Therefore Proposition 5 implies that U ∼= U ′. The result
now follows from Theorem 3. 
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